We study an analog of the classical Arnol'd diffusion in a quantum system of two coupled nonlinear oscillators one of which is governed by an external periodic force with two frequencies. In a classical model this very weak diffusion happens in a narrow stochastic layer along the coupling resonance and leads to an increase of the total energy of the system. We show that quantum dynamics of wave packets mimics, up to some extent, global properties of the classical Arnol'd diffusion. This specific diffusion represents a new type of quantum dynamics and may be observed, for example, in 2D semiconductor structures (quantum billiards) perturbed by time-periodic external fields. DOI: 10.1103/PhysRevLett.88.154101 PACS numbers: 05.45.Mt, 03.65. -w As is known, the main mechanism for the onset of dynamical chaos in classical Hamiltonian systems is the destruction of separatrices of nonlinear resonances due to perturbation terms. However, for a small enough perturbation in conservative systems with two degrees of freedom ͑N 2͒, as well as for one-dimensional time-dependent Hamiltonians, chaotic regions are bounded in the phase space by the Kolmogorov-Arnol'd-Moser (KAM) surfaces [1] . In this case the chaos is nonglobal since chaotic trajectories are located in restricted regions of the phase space of a system.
Manifestation of Arnol'd Diffusion in Quantum Systems
We study an analog of the classical Arnol'd diffusion in a quantum system of two coupled nonlinear oscillators one of which is governed by an external periodic force with two frequencies. In a classical model this very weak diffusion happens in a narrow stochastic layer along the coupling resonance and leads to an increase of the total energy of the system. We show that quantum dynamics of wave packets mimics, up to some extent, global properties of the classical Arnol'd diffusion. This specific diffusion represents a new type of quantum dynamics and may be observed, for example, in 2D semiconductor structures (quantum billiards) perturbed by time-periodic external fields. As is known, the main mechanism for the onset of dynamical chaos in classical Hamiltonian systems is the destruction of separatrices of nonlinear resonances due to perturbation terms. However, for a small enough perturbation in conservative systems with two degrees of freedom ͑N 2͒, as well as for one-dimensional time-dependent Hamiltonians, chaotic regions are bounded in the phase space by the Kolmogorov-Arnol'd-Moser (KAM) surfaces [1] . In this case the chaos is nonglobal since chaotic trajectories are located in restricted regions of the phase space of a system.
The situation changes drastically for many-dimensional systems ͑N . 2͒, where KAM surfaces no longer separate one stochastic region from another, and chaotic layers generically form a stochastic web [2] . Thus, if the trajectory starts in the vicinity of a specific nonlinear resonance, it can diffuse along stochastic layers of many resonances that cover the whole phase space. This universal global instability, known as the Arnol'd diffusion [3] , for the first time was observed in numerical experiments [4] and then was studied in detail in [5, 6] (see also a review [7] and a book [1] ).
It is very difficult to observe this specific diffusion since its rate is exponentially small, and it manifests itself only for initial conditions inside very narrow stochastic layers. However, it is believed that the Arnol'd diffusion may play an important role in different physical situations. For example, it is argued that this diffusion is crucial for the estimate of a stability of our solar system and is responsible for a loss of electrons in magnetic traps (see [7] ). Also, the Arnol'd diffusion may have a strong influence for the dynamics of protons in high energy storage rings. Recently, the possibility of observation of the Arnol'd web for a hydrogen atom in crossed electric and magnetic fields has been discussed in Ref. [8] .
So far, the main studies of the Arnol'd diffusion refer to classical models. However, it is important to understand what is the fingerprint, if any, of this diffusion in quantum systems. This question is far from trivial since quantum effects can suppress an exponentially weak diffusion even in a deep semiclassical region [9] . In this Letter we perform a detailed study of the quantum Arnol'd diffusion in a simple model and reveal peculiarities of quantum dynamics that are due to this phenomenon.
The system under consideration consists of two coupled quartic oscillators, one of which is perturbed by a twofrequency force. Following Refs. [5] , where the corresponding classical model was studied both analytically and numerically, we write the Hamiltonian
HereĤ
and m, f 0 , V 1 , V 2 stand for the coupling constant, amplitude, and two frequencies of an external force, respectively. For momentum and coordinate operators the standard commutation relations are assumed, ͓p x , x͔ 2ih 0 , ͓p y , y͔ 2ih 0 , withh 0 as a dimensionless Plank constant. In the classical model the separatrix of the main coupling resonance v 0 x ഠ v 0 y (determined in the absence of perturbation, f 0 0) is destroyed and creates a very narrow stochastic layer. The Arnol'd diffusion is caused by two driving terms with commensurate frequencies V 1 and V 2 , which "force" a chaotic trajectory to diffuse along the resonance layer [5, 7] .
To consider the quantum model, first, one should find quantum eigenstates corresponding to this coupling resonance, for f 0 0. Then, by switching on the perturbation, the analysis can be performed by using the Floquet formalism, since the perturbation is periodic in time. In this way, one can construct the evolution operator that allows one to study the dynamics of the model.
In order to find stationary states corresponding to the coupling resonance, we present the wave function as
154101-1 0031-9007͞02͞ 88(15)͞154101 (4) Our interest is in the dynamics of the model in the vicinity of the main coupling resonance determined by the condition
and n 0 m 0 defines the resonance center. In this region one can expand E n and E m in the Tailor series, keeping first and second order terms. It is convenient to introduce the indexes p k 1 l and k, where k n 2 n 0 and l m 2 m 0 . Then, one can write
with v ϵ v n 0 . Since matrix elements x m,n and y m,n of coordinates are equal to zero for transitions between states of the same parity, the solution of Eq. (5) It can be shown that the spectrum consists of series of energy levels that are shifted one from another by the valuē h 0 v. The structure of energy spectrum in each group is typical for a quantum nonlinear resonance [10] . Lowest levels are practically equidistant with the spacing equal tō h 0ṽ , whereṽ is the classical frequency of small phase oscillations at coupling resonance. Accumulation points correspond to classical separatrices, and all energy levels inside separatrices are nondegenerate. The states slightly above separatrices are quasidegenerate due to the symmetry of a rotation in opposite directions. Now we analyze the dynamics of the model in the presence of the external force. For commensurate frequencies V 1 and V 2 , the perturbation is periodic with the period T iT 1 jT 2 , where T 1 2p͞V 1 , T 2 2p͞V 2 , and i, j are integers. The initial conditions were taken for a system to be about halfway between the two driving resonances, v ͑V 1 1 V 2 ͒͞2.
Since the Hamiltonian (1) is periodic in time, the solution of the Schrödinger equation can be written as
Here u Q ͑x, y, t͒ u Q ͑x, y, t 1 T͒ and´Q are the quasienergy (QE) functions and quasienergies, respectively. They are determined by the evolution operatorÛ that describes the dynamics of our system in one period of the external field,Û
The 
where dV V 1 2 V 2 . Using the resonance approximation, we keep only the most important slowly oscillating terms with q 0 q 6 1. The matrix elements x q,s;q61,s 0 in (11) define transition probabilities between the states s and s 0 from the neighbor groups. This matrix has a specific block structure shown in Fig. 1a .
Black and white regions correspond to big and small matrix elements, respectively. One fragment of this structure is shown in Fig. 1b in more details. Matrix elements in the center of Fig. 1b correspond to the transitions between lowest states (at the center of coupling resonance) of the groups with q 0 and q 1. Matrix elements at the corners of Fig. 1b, where s, s 0 . 30 or s, s 0 , 230, define transitions between the states above separatrix. All these elements quickly decrease with an increase of the difference js 2 s 0 j. The "crosslike" broadening in Fig. 1b , where matrix elements are large, corresponds to the transitions between separatrix states. As a result, the transition probability between separatrix states of neighbor groups (along the coupling resonance) is much larger than the transition probability between other states. This phenomenon is analogous to the quantum diffusion inside a separatrix, which was investigated in a degenerate Hamiltonian system [11] .
Solving numerically Eq. (11), we obtain the matrix U q,s;q 0 ,s 0 ͑T͒ that determines the eigenvalues´Q and QE functions A Q q,s. Global properties of QE functions can be understood in terms of their "centers"q
2 , and variance
2 in the unperturbed ͑ f 0 0͒ basis. In Fig. 2 one can see that for a relatively small m and f 0 the QE functions do not couple unperturbed states with different values of q. On the other hand, a stronger coupling results in a kind of "delocalization" that is characterized by the spread of QE functions over many groups of states with different q. The data manifest a large probability for the transition between those states that are involved in the diffusion along the coupling resonance.
Direct computation of the evolution of wave packets has confirmed the occurrence of a weak diffusion in energy space, which is analogous to the classical Arnol'd diffusion. Numerical data have been obtained by computing the evolution matrix according to the relations 
We have studied quantum dynamics and calculated the diffusion coefficient for different initial states in the regime when m and f 0 are small enough and f 0 ͞m 0.01, so that coupling and driving resonances do not overlap. Typical results are shown in Fig. 3 Here, we perform an average over s since our interest is in the diffusion along coupling resonance. It can be done because the energy width of the stochastic layer is much less thanh 0 v. This procedure corresponds to the average over fast oscillations inside the layer in the classical consideration.
The data clearly show a different character of evolution for the three initial states. For the states taken from below and above the separatrix, the energy width of packets oscillates, in contrast with a diffusionlike time dependence for 0 500 1000 the case when initial state is a separatrix state. It should be noted that an initial fast increase of the variance in Fig. 4 is due to a quantum spread of packets that initially consist of a single unperturbed ͑ f 0 0͒ state. We calculated quantum and classical diffusion coefficients and found that the diffusion in the quantum model is systematically weaker than the classical Arnol'd diffusion; see Fig. 4 . However, the global dependence of the quantum diffusion coefficient on the control parameter 1͞ p m is similar to the classical one. The data in this figure are obtained for initial states corresponding to the center of the stochastic layer, where the diffusion coefficient is maximal. For initial states corresponding to the border of the stochastic layer, the diffusion coefficient strongly fluctuates and can be several times smaller.
To count the number M s of eigenstates inside the classical separatrix layer, we calculated the width of the classical layer numerically, together with the number of energy levels in the corresponding energy interval. For m . 1.25 3 10 24 the number M s was found to be about 10. The right square in Fig. 4 for the lowest value of m corresponds to the Shuryak border [9] ; the latter means that only one quantum state is inside the classical chaotic layer. In this case, classical chaos is completely suppressed by quantum effects. We have also found that for large times, t . 1000T, the diffusionlike growth of the energy terminates, thus indicating the localization of the classical diffusion along stochastic layers. This effect is expected since the motion along separatrix layers is effectively one dimensional; therefore quantum effects can be strong in comparison to a very weak classical diffusion (see the discussion in [12] ).
In conclusion, we have shown that when the number M s of stationary states inside classical chaotic separatrix layers is relatively large, one can observe weak quantum diffusion that is similar to the classical Arnol'd diffusion. In our model this diffusion occurs along the nonlinear coupling resonance, due to the influence of driving resonances originating from the external time-dependent perturbation. Our results may find a confirmation in experiments on one-electron dynamics in 2D quantum billiards with time-periodic electric fields. 
